Proposal for a phonon laser utilizing quantum-dot spin states by Khaetskii, A. et al.
Proposal for a Phonon Laser Utilizing Quantum-Dot Spin States
A. Khaetskii,1,* V.N. Golovach,2,3 X. Hu,1 and I. Zˇutic´1
1Department of Physics, University at Buffalo, SUNY, Buffalo, New York 14260-1500
2Centro de Fı´sica de Materiales (CFM-MPC), Centro Mixto CSIC-UPV/EHU, Manuel de Lardizabal 5, E-20018 San Sebastia´n, Spain
3IKERBASQUE, Basque Foundation for Science, E-48011 Bilbao, Spain
(Received 11 June 2013; revised manuscript received 29 August 2013; published 29 October 2013)
We propose a nanoscale realization of a phonon laser utilizing phonon-assisted spin flips in quantum
dots to amplify sound. Owing to a long spin relaxation time, the device can be operated in a strong
pumping regime, in which the population inversion is close to its maximal value allowed under Fermi
statistics. In this regime, the threshold for stimulated emission is unaffected by spontaneous spin flips.
Considering a nanowire with quantum dots defined along its length, we show that a further improvement
arises from confining the phonons to one dimension, and thus reducing the number of phonon modes
available for spontaneous emission. Our work calls for the development of nanowire-based, high-finesse
phonon resonators.
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Realizing acoustic analogues of active optical devices
has been a long-standing challenge. Phonon lasers could
provide versatile sources of coherent acoustic waves used
for three-dimensional (3D) imaging of nanostructures or
creating periodic strain of a material to rapidly modulate its
optical or electronic properties. Recent experimental can-
didates include doped semiconductor superlattices and
microcavity systems coupled to a radio-frequency me-
chanical mode [1–3], while many other possibilities have
been considered theoretically [4–12]. Despite the obvious
analogy between photons and (acoustic) phonons, a real-
ization of the phonon laser is considerably more demand-
ing. The key difficulty stems from the small value of the
speed of sound [8], s, or, equivalently, from the high value
of the phonon density of states (DOS), which makes the
threshold for stimulated emission hard to overcome.
A class of highly controllable quantum systems emerg-
ing from the ideas of spintronics and spin-based quantum
computing [13–16] may offer new regimes of physical
parameters in which phonon lasing is feasible, despite
the smallness of s. In particular, Zeeman sublevels of
quantum dots (QDs) [17] have several desirable properties.
They constitute reliable two-level systems with the spin
relaxation rate 1=T1 [18–25] low compared to the electron
tunneling rates, while the spin-selective tunneling [26–29]
allows us to separately manipulate the populations of the
spin-up and spin-down states.
The main requirements for the occurrence of stimulated
emission are the following: (i) a population inversion for
two levels, (ii) phonon emission must dominate over other
relaxation channels, and, (iii) to overcome the threshold,
the emission into the amplified mode should exceed the
loss due to a finite phonon lifetime, Q, in the resonator.
Usually, the latter condition is difficult to fulfill. Because
of the high DOS for phonons, spontaneous emission
competes effectively with stimulated emission into the
designated mode, hindering population inversion. Indeed,
Chen and Khurgin [8] derive for the threshold pump rate
(per unit volume),
Rth ¼
gð!QÞ
Q
!
2
Q
s3Q
; (1)
where  is the width of the electronic level, gð!Þ is the
phonon DOS in three dimensions, and !Q is the frequency
of the lasing mode (@ ¼ 1 and kB ¼ 1). Remarkably, Rth in
Eq. (1) does not depend on the interaction strength between
the phonon field and the two-level system. Thus, the only
realistic way of overcoming the threshold consists in using
a small frequency !Q [8]. In the context of QDs discussed
below, Eq. (1) describes the regime of weak pumping,
which corresponds to a small value of the population
inversion, and arises when the sequential-tunneling rate
is small compared to 1=T1.
In this Letter we show that Zeeman sublevels in semi-
conductor QDs are ideal two-level systems for use in
phonon lasers. To create population inversion, spin-
selective tunneling from the leads is used [Fig. 1(a)].
Spin flip is mediated by the spin-orbit interaction in the
QD and accompanied by phonon emission [17,23–25]. We
find a regime of strong pumping, when the upper level is
occupied and the lower level is empty. This regime is
accessible with QDs for realistic values of physical pa-
rameters because the characteristic tunneling rates that
correspond to its onset are determined by small 1=T1 value.
In this regime, the stronger the phonon field couples to the
spin the lower the threshold for stimulated emission.
Furthermore, the ability to tune the Zeeman splitting inde-
pendently of the size of the QD allows one to control the
strength of the spin-phonon coupling. The prescription for
the frequency of an optimal phonon mode is !Q  s=a,
where a is the QD size along the phonon propagation.
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We also show that stimulated phonon emission can be
envisioned even in the weak pumping regime for suffi-
ciently small values of the Zeeman splitting Z.
However, in three dimensions, the threshold value in
Eq. (1) is too demanding because the rate of spontaneous
emission is too high. By proceeding to a 1D situation in
which the phonons are emitted only along a nanowire, we
show that Rth can be strongly reduced. In this case all the
‘‘wrong’’ phonons which could have been emitted in the
direction perpendicular to the propagation of the lasing
mode are excluded.
We first consider an idealized situation depicted in
Fig. 1(a), where a QD is tunnel coupled to two half-metal
ferromagnets [30] at electrochemical potentials L and
R. The electrons from the left lead can only tunnel into
the higher-energy spin-up state. In order to proceed to the
right lead, the electron should flip spin and transit to the
lower, spin-down state by emitting a phonon of frequency
!Q ¼ Z [31]. The QD Hamiltonian is
HQD ¼
X
s¼*;+
sd
y
s ds þUn*n+; (2)
where * ¼ Z=2, + ¼ Z=2 (Z > 0), dys are the fer-
mionic creation operators, and ns ¼ dys ds. The on-site
Coulomb energy U is assumed to be larger than the
source-drain bias eV ¼ L R; therefore, the maxi-
mum dot occupation is 1. We keep only the empty-dot
j0i, spin-up j *i ¼ dy* j0i, and spin-down j +i ¼ dy+ j0i
states. Further, we assume eV> Z.
Coupling between the QD and the leads is described by
the tunneling Hamiltonian
HT ¼
X
lks
tlsc
y
lkds þ H:c:; (3)
where tls is the matrix of tunneling amplitudes and c
y
lk
creates an electron with momentum k and spin  ¼" , # in
lead l ¼ L, R. The relevant physical quantity here is the
matrix of rates ls0s ¼ 
P
ðtls0 Þltls, where l is the
DOS of spin species  in lead l. In our idealized situation
the only nonzero sequential-tunneling rates, marked by
arrows in Fig. 1(a), are
WL  WL*0 ¼ 2L**fð* LÞ;
WR  WR0+ ¼ 2R++½1 fð+ RÞ;
(4)
where fðÞ ¼ ½1þ expð=TÞ1 is the Fermi distribution
function. The reverse rates,WL0* andW
R
+0, are obtained from
Eq. (4) by replacing fðÞ ! 1 fðÞ. However, these rates
are suppressed at low temperatures, T  eV  Z.
For the lasing mode, we write HQ ¼ !QðNQ þ 1=2Þ,
where NQ ¼ aya is the phonon number operator, with ay
creating a phonon in the lasing mode. The coupling
between the QD and the lasing mode is
Ha ¼
X
s0s
Ms0sd
y
s0dsa
y þ H:c:; (5)
where Ms0s are matrix elements of the spin-phonon inter-
action, obtained by taking into account a combined effect
of spin-orbit interaction and magnetic field [23–25,32]. In
nanowires, such as InAs or InSb, the spin-orbit interaction
is rather strong [33,34], facilitating an efficient spin-
phonon coupling.
The coupling of the spin to the phonon continuum, i.e.,
to all modes except the lasing mode, is obtained from
Eq. (5) by summing over the phonon modes. This coupling
leads to spin relaxation [23–25,32] with the rate 1=T1 ¼
w+* þ w*+, where wss0 are rates for phonon-assisted tran-
sitions. One can estimate [23–25,32]
w+* ’ 2jM+*j2VgðZÞ½1þ NðZÞ; (6)
where V is the sample volume in three dimensions (or
length of nanowire in one dimension) and NðÞ ¼
½expð=TÞ  11 is the Bose-Einstein distribution func-
tion. The rate of phonon absorption, w*+, is obtained from
Eq. (6) by replacing 1þ NðZÞ ! NðZÞ. For low tem-
peratures (T  Z), we set w*+ ¼ 0.
We describe the QD by a density matrix ^, which
includes diagonal and off-diagonal elements. The master
equations can be derived in the standard way [35]. The key
point is that we treat the laser mode as a classical field,
assuming that its population is large NQ  1, NQ ¼ jaj2,
where a is a c number. Similar treatment for an electron
coupled to an oscillating magnetic (ESR) field was used in
Ref. [36]. Applying the rotating wave approximation
(RWA), we obtain [37]
FIG. 1 (color online). (a) Phonon emitter: A QD in the
sequential-tunneling regime with ferromagnetic leads of oppo-
site polarizations. (b) The threshold value of the phonon lifetime
Q as a function of the tunnel rate W
L, showing the crossover
between the weak (WL  1=T1) and the strong (WL  1=T1)
pumping regimes. For Q < 
1
D (below dashed line), no lasing
is possible regardless of the pumping regime.
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d*
dt
¼WL*00WL0**þw*++w+**NQð*+Þ;
d+
dt
¼WR+00WR0++þw+**w*++þNQð*+Þ;
d0
dt
¼WL0**þWR0++ðWL*0þWR+0Þ0;
dNQ
dt
¼NQð*+Þ
NQ
Q
; (7)
where * þ + þ 0 ¼ 1 due to the Coulomb blockade
and  ¼ 2jM+*j2=, with  ¼ ðWL0* þWR0+Þ=2þ 1=T2
being the decay rate of *+ due to tunneling as well as
due to a spin decoherence time T2. The phonon loss is
described by the rate 1=Q, which accounts for intrinsic
phonon decay and escape through the mirrors. The Rabi
flips occur at rate NQ.
Equation (7) is written for a single QD in the system.
When there are ND identical QDs and the interdot distance
is much larger than the phonon wavelength, Eq. (7)
assumes the change ! ND and NQ ! NQ=ND.
Hereof, we introduce D ¼ ND, for which the normal-
ization volume of the phonon wave function (appearing in
M+* / 1=
ﬃﬃﬃﬃ
V
p
) effectively becomes n1 ¼ V=ND, i.e., the
volume per one QD.
Next, we seek the stationary solution of Eq. (7) and
study the onset of stimulated emission. For nontrivial
solutions, for which NQ does not vanish identically, we
obtain the population inversion
*  + ¼ 1=ðDQÞ; (8)
which is interpreted as follows: In the stationary regime,
the incoming rate to the lasing mode equals the decay rate
1=Q. The number of phonons per QD reads
NQ=ND ¼
ðWR  1=T1ÞðQ  1=DÞ
2þWR=WL 
1
DT1
: (9)
From the condition NQ > 0 one gets
1
DQ
<
T1W
R  1
T1W
R þ 1þWR=WL ; (10)
defining the threshold relation for the onset of stimulated
emission [see Fig. 1(b)]. The quantity T1W
R should be
larger than unity (we assume T1W
R  1). In Fig. 2, NQ
is plotted versus WL for realistic parameters, see further.
Along with the classical solution, which has NQ > 0 only
above the threshold, we plot also its quantum counterpart
(which has NQ > 0 for allW
L > 0). The quantum solution
was computed numerically for a single dot (see
Supplemental Material [38]). At the threshold, NQ corre-
sponding to the quantum curve is of order unity. Above the
threshold, the quantum and classical curves rapidly
converge.
Two pumping regimes can be distinguished in Eq. (10)
[see also Fig. 1(b)]. In the weak pumping regime
(T1W
L  1), the QD is almost empty, 0  1, and the
Coulomb blockade is unimportant. From Eq. (10), the
threshold value of the pump rate is
WLth ¼
1
T1
1
DQ
 g
Qn
; (11)
where we used 1=T1  jM+*j2gV and g is the phonon
DOS evaluated at the Zeeman energy. Equation (11) holds
for any dimensionality, provided n is understood as the
corresponding concentration of QDs. Note that Eq. (11) is
similar to Eq. (1), and the coupling constant drops out.
Equation (11) can as well be obtained from the follow-
ing consideration. At the threshold, the incoming rate to the
lasing mode should exceed the decay rate *D > 1=Q.
On the other hand, the pump rate at the threshold equals the
spontaneous emission rate, WLth ¼ *=T1. Excluding *,
one obtains Eq. (11).
Comparing the threshold pump rates in three and one
dimension, we obtain
WLth;3D
WLth;1D
 g3n1
g1n3
 A
	2ph
 1; (12)
whereg1 (g3) is the 1D (3D) phononDOS,	ph is the phonon
wave length, and A is the mirror area in the 3D case. The
ratio in Eq. (12) represents the number of phonon modes in
the transverse direction which are useless for lasing.
Therefore, one can greatly reduce the threshold pump value
by proceeding to a set up shown in Fig. 3(a) [39].
In the opposite regime of strong pumping, T1W
L  1,
the effective threshold pump rate WLth0 of the upper level
saturates at the 1=T1 value. In this regime *  1, and the
Pauli principle forbids an electron from the left lead to
tunnel into the QD until the electron inside the QD flips its
spin and leaves the QD. Thus, the spin-flip rate 1=T1
determines the effective threshold pump rate in this case.
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FIG. 2 (color online). Phonon population NQ as a function of
WL, obtained from Eq. (9) for a single dot (solid line). The
squares represent NQ obtained from a quantum treatment
(see Supplemental Material [38]). The parameters used are
WLT1 ¼ 100, T1 ¼ 0:8, Q=T1 ¼ 10. Inset: shaded area shown
in a larger scale.
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From the condition that the incoming rate to the lasing
mode exceeds the decay rate, we obtain for the threshold
value of Q the following inequality: 1=D
th
Q < 1. This
inequality follows also from Eq. (10). Note that the phonon
DOS does not enter this inequality, and thQ is determined
only by the coupling constant jM+*j2, shown as a function
of Z in Fig. 3(b). The dependence of 
th
Q on the tunneling
rate WL is shown in Fig. 1(b). The plateau value of thQ /
1=D can be reduced by choosing a material with strong
spin-orbit interaction such as InAs.
For strong pumping the threshold condition can be
rewritten in terms of the phonon mean free path (lthph ¼
sthQ). Specifically, for one dimension,
ND
lthph
Lz
¼ T1; (13)
where Lz is the distance between the mirrors. Assuming
also that DQ  1, i.e., well above the threshold, we
obtain for the number of phonons in the strong tunneling
regime
NQ  W
LWR
2WL þWR QND: (14)
Our consideration so far did not take into account the
leakage current, i.e., when the rates WL+0 and W
R
0* are
present. Such processes are possible for minority carriers
in ferromagnets and because with the spin-orbit interaction
the spin-up and spin-down directions are not exactly col-
linear. Adding the corresponding terms into Eq. (7), we
derive a new threshold condition, which in the case of
relatively strong leakage (WR0*  1=T1) takes the form
1
DQ
<
WLWR  ~WL ~WR
WLWR þ ~WL ~WR þWR ~WR ; (15)
where ~WL  WL+0 and ~WR  WR0*. We see that even in the
case of strong spin-orbit coupling, when ~WR andWR are of
the same order of magnitude, but not very close to each
other ( ~WR <WR, ~WL <WL), the threshold condition is
similar to what we had before in the strong tunneling case
without leakage, when the right-hand side of Eq. (15) was
unity. Note that when the polarization degree in the ferro-
magnet tends to zero, then the right-hand side of Eq. (15)
also tends to zero. Keeping in mind that 
i / Wi  ~Wi,
where 
i is the degree of polarization of lead i ¼ L, R, we
obtain that the right-hand side of Eq. (15) is a linear
function of the sum 
R þ 
L, when these degrees are
small.
Finally, the power output of the phonon laser reads
P ¼ @!QNQ=Q: (16)
We next estimate the relevant parameters. Since the
typical length of the QDs is a  ð0:3–1Þ 	 105 cm, in
order to have reasonably strong coupling to the phonons
one needs to choose not a very large Zeeman gap Z ’
@s=a, 1 K<Z < 5 K [see Fig. 3(b)]. Therefore, the tem-
perature is also restricted to these values. To have not a
very high value of the threshold phonon mean free path, we
take the tunneling rate  ¼ ð109–1010Þ s1, which corre-
sponds to the current I ¼ e  1 nA. Then, assuming for
InAs QDs relatively short T1 ’ ð107–108Þ s, and taking
ND ¼ 10, we obtain from Eq. (13) the ratio lthph=Lz ¼ 10.
To find how realistic is that, we take Lz ¼ 1 m, and Q ’
107 s, which corresponds to a phonon mean free path
ð102–101Þ cm. Then we obtain lph=Lz  ð102–103Þ. The
indicated values for lph were experimentally observed
[40–42] for the THz acoustic phonons in 3D semiconduc-
tors. For the number of phonons above the threshold, see
Eq. (14), we get NQ ’ NDQ ’ 103. For the power, see
Eq. (16), one gets P  4:2	 106 erg= sec for Z ¼ 3 K.
Taking the diameter of a wire 106 cm, we obtain for the
power density  1 W=cm2.
In conclusion, we propose to use the Zeeman sublevels
of the ground orbital state of the QD for phonon lasing.
Because of a low value of the spin-relaxation rate, a large
value of the population inversion can be easily achieved.
We show that a promising practical implementation is a
system of elongated QDs embedded into a nanowire.
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